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Sum Rules for the One-Component Plasma
with Additional Short-Range Forces
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It is proved that, in the one-component plasma, with interactions including a
non-Coulombic short-range part, the density derivative of the correlation func-
tions p,{ry,..r,) can be simply expressed as an integral of p,  ,(ry,.., Fn_ 1)
This result is applied to prove the relation between the fourth moment of p, and
the compressibility.

KEY WORDS: One-component plasma; BBGKY hierarchy; sum rules;
screening.

1. INTRODUCTION

In the study of classical Coulomb systems, the use of the BBGKY
hierarchy, with some additional assumption of clustering properties for the
density correlation functions, turned out to be very fruitful. In this way, the
rigorous proofs of the perfect screening conditions and of the Stillinger—
Lovett sum rules have been established for charged particles with interac-
tions including a short-range part."'"* Another sum rule links the fourth
moment of the two-point correlation function to the compressibility. This
rule can be easily obtained on the basis of appealing but not rigorous
arguments.>® By using the BBGKY hierarchy (with clustering assump-
tions), this rule has been proved!”® for particles interacting via purely
Coulombic forces. It is therefore interesting to look at the case where a
short-range potential is added to the Coulombic one.

So we are dealing with ions of one species, interacting via Coulombic
forces and some short-range forces, imbedded in a uniform background
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which ensures the electrical neutrality. The statistics is that of the canonical
ensemble, and the dimension of space is 2 or 3. The system and the various
assumptions concerning the correlation function are introduced in Sec-
tion 2. Then, in Section 3, we establish a new and simple equation which
expresses the volume derivative of the n-point correlation function with the
help of correlation functions of order <n+ 1,? without first taking the
thermodynamic limit. The problems concerning this are discussed before
applying the result to the proof of the aforementioned sum rule relative to
the fourth moment of the two-point correlation function (Section 4). Some
technical calculations are given in Appendix A. The perfect screening
conditions needed in Sections 3 and 4 are recalled in Appendix B.

2. GENERAL FRAMEWORK

We consider a set of N point ions of mass m and charge e in a vessel
of volume V. The numerical density is p = N/V. These ions are classical and
interact via Coulomb forces [potential v,(#)] and also via short-range two-
body forces [potential v,(r)]. The dimension of the space is v=2 or 3. A
uniform and rigid background ensures the electrical neutrality and the
short-range force F,= —Vuv(r) is assumed to be covariant under rotations
and integrable on R’. Then the Hamiltonian is

N p2
Hy=Y Zoq Vlr, s, 1
N ;§12m+ M ey T) (1)
1
VN(rlv'--a rn)zi Z U(ris rj)
15%

where p; and r; are the momentum and the position of the particle i, and
the effective potential v(r,, r;) is given by

v(r,, rj)=vs(ri_rj)+l’c(ri_rj)

—N—li_lj dr [v(r—ri}+v(r—r;)]
P’ (2)
+m 2 drdr' v (r—r')
( ‘{ez/m’ v=3
v(r)= —e21n(|r|/o); v=2

o is an arbitrary constant fixing the zero energy level.

2 A. Alastuey simultaneously obtains this result in a different way and directly in the thermo-
dynamic limit (to be published).
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In a finite-volume canonical ensemble of temperature 7=/~
measured in energy units, the n-point correlation functions are defined by

pr’;’("l*"" rn) - <.ﬁn(r17"" rn)>
N (3)
PulF s 1) =[01(r 1) - P1(r) Ises pilr)= Z or—r,;)

i=1

where the symbol [---]g; means that the self terms are left out and the
symbol {---> stands for the canonical average. From the definition (3) of
the functions p”, the sum rules follow:

J‘ drn+1p;5'+l(r19"" rn+1):(N_n)p:>(rlr---a rn) (n> 1)
14

| drioltro=N
14
These functions p) also satisfy the BBGKY hierarchy equations

alp:(rb"" rn) _ﬁp (rlv - n) Z ab(rn r])
B dr 0t )Pl ) ()

By taking the gradient J,=d/0r, of v(r;, r;), (2), we are led to

aip:,/(rn---s )

= _Bp:(rlr'w rn) Z {aivc(ri_rj)+aivs(rt__rj)}

J=1.j%1

“ﬂf drn+1 IUa(rl*rn-i—l)p:;l(rla"" rn+])

_ﬁj n+1 ,UC.(VI rn+1 {pn+1(71, * n+l) pp (rls > n)} (6)

The pressure PY, defined as — 0F ,/0V, where Fy, is the free energy, is easily
obtained by using a well-known scaling argument,
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ﬁPV=p——fzdr1dr2(r1_rz) alv( ),0 (rlarz)

p
_WJVZ drl er(rl_rz) -611;6(;«1_,,2)

x {py(ri, )= ppi(r))—pp{(r) + p*} (7)

In the thermodynamic limit (TL), the n-point correlation functions will be
denoted p,(7,,..., r,) (in a general way a quantity f* becomes f in the TL),
and the associated truncated (Ursell) functions p!(r,.., r,) are assumed
(i) to be invariant under space rotations and translations, (ii) to be sym-
metrical in any permutation of the particles, and (iii) to tend to zero faster
than some power of the distance when a particle is removed to infinity
(clustering hypothesis); this point will be specified more fully in the
following. In the TL the BBGKY hierarchy becomes'"’

6fpn(r17"-7 rn)

= —Bpulrivr) Y AOivAri—r)+ 3w, (r,— 1))}

j=1lj#i

_ﬁj drn+lav( n+1)pn+1(r19 i) n+1)

_ﬂj drn-{—latl}c( n+1 {pn+1(r17 i n+1) pp (rh 3] n))' (8)
and the pressure (6) in this limit is

ﬁP=p—%LVdrr-Vvs(r)pz(r)—%vadrr-ch(r)PzT(r) (9)

3. VOLUME DERIVATIVE OF pY

In this part we shall show that the derivative of p with respect to the
volume ¥V can be exactly and simply expressed with the help of
pl(m<n+1) functions. This result is obtained by writing the volume
derivative of p), which follows from the definition of p/, and by using the
hierarchy equations (5). We perform the derivative of p),

_f,,dr’l---j"Vdr}ve*ﬁVN[ﬁ(rl)---ﬁ(rn)]SL
§ydr ---jydrﬁve’/w'v

PR (i Ta) = (10)
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by using the well-known scaling for the integration variables r; = x, V'’

0

Vﬁ/p:z/(rl 9eny rn)

1
= Z ai'[rip:(rla"w rn)] (A}
i=1

v

p

_;J 2drn+1 drn+2rn+l '8n+lv(rn+l’rn+l)
14

X [<ﬁ2(rn+17 rn+2) p‘n(rlr'-’ rn)>

—p;(r,,+1,rn+2)p,’,,(r1,...,rn)] (B)
+B_PJ Arm 1@ aTuit On VelFner —Fp i)
Vv Jyp2

X [<(pA1(rn+2)_p)[jn(r17"'a rn)>

—[p{(ra2) =010 (rss 1)1 (C) (11)
The transformation of (11) to (13) is given in Appendix A. Here we just
sketch the calculation. The canonical average ¢{---) in terms (B) and (C)
are expressed with the functions p, (m<n+2). First p), , is eliminated by
using the hierarchy (5) and, once more with the help of the hierarchy (5)

and of the sum rules (4), the total (A)+ (B) is reduced to an integral on
the boundary of the vessel S,

1 , )
{A)+(B) :;i ds-r[p), ((Fiss s F)—p (r) pl(r s )] (12)

The term (C) does not make difficulties. Finally, the volume derivative of
p, is
0 1 ,
VEI_/p’l:(rl""’ r.) :;i ds-rplT (rips,lr)

1
FBop Yo ra) | (V) B ryir) (13)

3 N is kept fixed here and p, which appears in ¥ in (2), is set equal to N/V.
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where @ and p, 7 (r,,..,r,|r) are defined by
O 1ol )= 0 =1) DY (1 | F)
y

. " (P iy Py F) ,
DY(ryen )= Y 5(r_r,.)+%_p;(r) (14)
i=1 n 1seees Iy

p:zl(rl’"" rn|r):p:’+1(rla"" rna")_Pr(”)P:(”n---, rn)

At this stage we make some comments on this result. Equation (13) is exact
for a finite system in the sense that it follows directly and without any
approximations from the definitions (3) of the p). The term with @ comes
from the compression (or expansion) of the background during the varia-
tion of V' via the explicit dependence of the effective potential v(r,, r;) on V.
Here @) is the potential of the charge distribution which is situated near
the points ry,..., r, and such that the total charge is zero [from (4)],

f dr DY(ry s 1| 1) =0 (15)
.

Nevertheless, we point out that D" is not the charge density around # fixed
ions, because the background gives a contribution —p instead of —p/(r).
Here the presence of p{(r) ensures that no contribution to @ comes from
the neighborhood of the boundary where the two quantities are different.
This point is important in the TL.

Now we look at the more difficult question of the TL of Eq. (13). We
shall not give a real proof of that TL. Information on such delicate
problems may be found in ref. 14. We take the » points fixed in the bulk
and indefinitely increase the volume V in such a way that the boundary
moves away from the n points. The surface term in (13) vanishes in this
limit because of the clustering assumption on the correlation functions [in
fact, it is enough that p!, ,(r;,..,7,|r) decreases faster than r~"]. The
behavior of @) is linked to that of p!7 ") This point and the perfect
screening condition (PSC) which follow are considered in Appendix B. We
assume that the clustering is enough to make @ ,(r,,..., r,| ) decrease more
than r ", which is equivalent to saying that the lowest nonvanishing multi-
pole moment of D, (r,,.., r,|r) is at least of order 3. It follows that

% In p,(ry, ¥,)

:“EJ dr(r-V)J. dr' v (r —F) Do (Fyo 1t | ) (16)
V IRy R¥
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and we write

Ll i r)= —L tim [ d Dy(rys ral )
ap V Ry— oo YR
xJ” dr(r-V) v,(r—r') (17)
r< Ry

The last integral is easily calculated,

dr(r Vv (r—r')= —3e(R3—r"?)V, (18)

;JrsRo
Vy=4n/3, V,=n

Taking into account the perfect screening condition

| Dorive il =0 (19)
o

which is the TL of (15) or which follows from the clustering assumption for
the p,, (B4), we get the final result

a 2
—Inp,(ri,.,r,)= __ﬂe v, [ drr*D,(r,,...r,|T) (20)
ap 2 Jrv

This one is also easily written [see (B4)]

%pn(rl’-": rn)

= —g—g—z- VVJR‘ dr

1 n
X {rz—; y rlz} {Pns tlF Ly s 1) = PPu(F ooy ) } (21)

=1

Equation (20) or (21) does not depend on the origin of the coordinate
system, because of (B4).

Before we look at the consequences of this result, we recall that the rhs
of (20) or (21) comes from the compression of the background during the
variation of V. The question now is what happens in the limit of vanishing
charges? Of course dp,/0p is not zero for a non-Coulombic fluid. As in
this case @ is zero in (13), the volume derivative of p, is given by the first
surface integral, which has to be nonzero. The answer to this problem is
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that the clustering assumption is not valid for terms of order N~ "% If we
take into account this corrective term for non-Coulombic fluid, we do not
obtain with (13) any new equation, but only the wall theorem" for the
compressibility. So we have implicitly that the clustering properties are
valid for the p, up to term N~ ! in our case.

A simple consequence of (21) is the second moment sum rule of
Stillinger and Lovett (SL). Equation (21) for n =1 leads to

2
1=—Bivvj dr p1(r) (22)
2 e

which was first rigorously proved in ref. 4.

4. COMPRESSIBILITY SUM RULE

We shall now prove the compressibility sum rule. The result follows
from Eq. (20), from the PSC (/=0, 1, and 2) for p, and p,, and from
the hierarchy (8) for n=2. Of course, these three ingredients are not
independent. From (9), we deduce the compressibility

oP B ﬁ 0p,(r)
b5, =15 ] a0 VI =
5
—%Lv dr(r-V) v (r) %Q (23)

The density derivative of p, is given by (20),
5, Be*V, J

—ps(r)=— F 2 {p3r, F )+ palr) 6(r' —r)} (24)

Op 2
where we have introduced the function p3
p3(r 1) =ps(r, 1) = pps(r) = p3(r, 1)+ pp3(r) + pp3(r' —r)  (25)

with r and r’, respectively, equal to r, —r, and ry— r,. Contrary to p(r, r’),
p3(r, ¥') is not invariant in the exchange of r and r'. By taking into account
the second moment sum rule of SL, (22), and the PSC (/=0) for p;, we
obtain the density derivative of pJ

—a%pzT(r)z pe’ Vj dr' v ?{pl(r,r' Y+ p3(r)d(r'—r)} (26)

This result was first shown for the one-component plasma (without v,) in
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a much more complicated way which involves the four-point correlation
function."”** Introducing the notation

LTS = ] drde [ )]0 7) + () 80 1)}

LA )= | drdr firor) pl(nr)
27)

LS )] =f drdr' f(r, ) S, 1)+ palr) 3 — 1)}

R

L3 f(r, r')] =j i drdr' f(r,r')p3(r, ")
s

we write the compressibility in the form

2.’.[/v
LBV

; T (L5 - Vo (r)r'?1+ LT[r-Vu (r)r'?]]  (28)

Now, by using the symmetry of p; and the PSC (/=0, 1, and 2) for p,, we
shall transform (28) into a three-point integral which can be reduced to a
two-point integral with the help of the hierarchy. p] and p3 are invariant
under the transformations r— —r and r' > —r. It follows, for any
function f(|r|) such that the integrals converge, that

Lm[fu;u(r,z_r,r,)(rz_zr_rr)}zo (29)

r

We introduce unit vectors 7, 7' and express (7 -#)? in terms of the functions
g.(7-F") which occur in the PSC (B5),

v—1 S S - -
= gz(f-r)-{—;go(r-r), (F-F') =g (F-F) (30)

7)2

(F-7 )2 =
v

Then, by using the PSC (/=1, 2) for p7 and p3, we are led to

LS [f(irl)r'z]=—2V—YT‘S[f(|VI)£g(f-f')} (31)
v+ 2 r ot

* The sign before v,(x) in Eq. (48) of ref. 7 has to be read minus.
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The compressibility, given by (28), becomes

aP _ .Bzesz Sra '3 PRl
ﬂ%T—H—Hz [ZL[F-Vo(r)rg,(F-7)]
+ LTV (r) r g, (F-7)]] (32)

By integrating the hierarchy equation (8) for »=2 with some function
g({r]), it is easily shown that

LI -Vor) g(r']) gu(F-#)1+ L7 - Vo (r) g(Ir]) g,(F-F)]
d

_ T —v+1
= JRV dr p,y(r)r o

(gl + 07 | dre
RY

X —

dr{r““g(|r1)}¢1(0|r) (33)

where @, satisfies
D,01r) = dr vlr—r){3(r)+p pT0)}
RV

:Pwlj dr'{vr—=r)—uv.(r)} p3(r) (34)

For g(|r|)=r?, this relation allows us to express the compressibility (32)
only in terms of two-point integrals

oP
B—

ﬁzez Vv
= 1 _—
o0p +

r 2

1 . 2 [
|:BJR" dr r*pl(r)+ p* JRV dr r2d51(0|r):| (35)

Finally, taking account of the SL sum rule (22), we are led to

oP By, ) 5
b, =50 J.Rvdrr ®,(0]r)
B*e*Vip v a7
_v——g__H_—z,[Rvdrr pz(r) (36)

which implies that @,(0|r) and pJ(r) are, respectively, more decreasing
than r = *2 and r~+%,
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5. CONCLUSION

The volume derivatives of the functions p) appear very useful in
Coulombic fluids, unlike in neutral fluids. It has been admitted that
the clustering properties were valid for the p, up to the term N ' This
point remains open and is linked to the fact that the long-range nature
of the Coulomb potential imposes local neutrality (PSC), which makes
the system incompressible.!”” The compressibility (36) is not related to the
density fluctuation, but to the variation of the free energy when the whole
system (with its background) is compressed.

APPENDIX A

Here we give some details on the transformation of Eq. (11} to (13).
First we write (B) with the help of the function p) (m<n+2) by using

ﬁ2(rn+1ﬂ rn+2) ﬁn(rl""a rn)
n

:ﬂn+2(r17"'3 rn+2)+ z 6(ri_rn+2) ﬁn+1(rl$"-5 rzs---e Vs rn+l)
i=1

H

+ Z 5(r1_rn+l)lén+l(r1:---7 ria"" rn’ rn+2)

+ ) O(r, = Fp i O =T 3) Pl sy Fipeons Py 1)

It follows that

~

(B):“"—)j 7drn+ldrn+lrn+l'an+lu(rn+l=rn+2) \
2

1%
Xpn+2(r1'~"'? rn+2)

g o > (Ba)
- Z J drn+1rrz+1'an+lu(rn+1>ri)

Vic1v

.
Xpn+1(r17"" Fiyens rnJrX) J

B 7
‘;ZJ‘ drn+1ri'aiu(rnrn+l) \
14

i=1
Vv
X P il Laees Trsees P 1)

—é > ri-0;0(r,, 1)

v 1# e [1...n]

v
X P AT 1 yeey Fiyras Figorns Fy) J

> (B)
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B
+‘;J‘V2drn+1drn+2rn+1'an+lv(rn+1:rn+2) (By)

Xpé’(rn+1’ rn+2)p:(r1='"’ rn)

(Ba) is written in the form

(BOC)Z _gfp’drn+lrrl+l'|:

n
v
Z an+10(rn+1, ri) pn+1(r1a"-s rn+1)

i=1

%
+f drn+26n+1v(rn+17 rn+2)pn+2(r1""’ rn+2)]
14

The term in brackets is the rhs of the hierarchy (5) for 0,,,p), |-

(rla"-s rn+1)'

Thus we are led for (Ba) to

1 -
(Ba):;Jl,drn+l Frt 'an+1an+1(r1>"" rn+1)

In the same way

n

(Bﬁ)=~€Z |:Z (30 T j (rla""rn)

+JV drn+1 aiv(ri’ rn+1) p:.-\‘—l(rl’”" r”+1):|

is transformed to

12 )
(Bﬁ)=; Z ri'aip:(rla"'s rn)

=1

by using the hierarchy (5) for ¢,p.(r;,.., r,) and (By) is equal to
1, v
(BV)Z__Pn(”1>~~~”‘n)f i Pner Cu 1 PY(ret)
v 14

with the help of the hierarchy (5) for d,, 07 (r, 1)
The total (B) is obtained

1 i
(B)zgj"/drn+l Tuii '6n+1{prlt/+l(r17"" rn+1)‘p1/(rn+1)p:(rl""’ rn)}

1
+ zr ap(rla’n)

1*1

and for (A)+ (B) we get
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) Lr ;
(A)+(B)= —np/(r o, rn)+;J drr-0{p), |(Fiyes Py )
)
*Pr(”) prlz’(rls"'a rn)}
1 . .
:gias.p{phl(m,..., FasF)—p (F) pl(r s r)}

—}’lp:(rl,..., rn)_ [ dr {an+](rla"'7 rnv r)_p;,(r) p;/(rl"--a rn)}

vy

which gives (12) by taking into account the sum rules (4) for the p).

APPENDIX B

Here we recall the link between the asymptotic behavior of the
functions p] and @, and we give the perfect screening conditions (PSC)
which are needed in Sections 3 and 4. From the hierarchy equation (6), it
is easily shown that the function p/7 (r,.., r,|r), (14), satisfies

Vpltz:l(rl""? rn!r)
= -ﬂj dr' Vo (r-—-r'")
I%
X [p;’q/+2(rls-"a Fus s r’)_p;,(r7 r’) p:'(r“_”, rn)

oY (Frsea i) S 5<r'—r,>]

i=1

—,Bf ar’ Vo (r—r')
v

VT i
XI:pn+2(rl""’ rn’ra r,)+P;I1("1,---a rn|r)

x {Z 5(r’—r,-)+pf(r’)—pﬂ

r=1
~Ppi(r) pl(ry s 1, ) VO (r (s 1, 1) (B1)
where the truncated function
P s 1, 1)
=0y i s )= () P (s s 7))
=P () P i (s 1 1)

=3 (1 1) p (P 1) + 207 (r) (1) 0 (15 ) (B2)

822/55/5-6-21
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will, in the TL, exhibit clustering properties for the two variables r and r".
We shall not go into details of the TL of (B1)."") We just mention that the
clustering property for @,(ry,..., r,,| r) follows from the clustering properties
of pI, (rismrylry and pl, ,(ri,..r,|r,r’') and from the short-range
behavior of v,. We shall assume that the clustering of these functions and
v, are such that

Hm 7@, (r), 1, r)=0 (B3)

|r] — =0

Fisee 1y fixed and finite.
Tt follows from the definition of @, (14), that

jdr' Hg(FeF ) D(Fros 1 F) =0,  1=0,1,2 (B4)
where
g(F-7)y=P/(7-F")  (v=3)
= cos(l¢) (v=2) (B5)
cos = (F-F)

The P, are the Legendre polynomials. We deduce from (B4) the following
PSC:

1=0; [ar pltrr)= —p
[ar pTtr, )= —203(r)
[ ar p3tr, )= =202(r)
=t [d'rg () plln )= —rpl(r) (B6)
Jdr r'g(F-F) p3(r, r') = —rpy(r)
=2 [ar g 7) plln ) = —rpl(r)

j dr' r'2g.(F-F') pi(r, ¥’y = —r?ps(r)

p3 is defined by (25).



Sum Ruies for One-Component Plasma 1183

R

R R N N N N

EFERENCES

. C. Gruber, C. Lugrin, and P. A. Martin, J. Stat. Phys. 22:193 (1980).

. C. Gruber, J. L. Lebowitz, and P. A. Martin, J. Chem. Phys. 75:944 (1981).
L. Blum, C. Gruber, J. L. Lebowitz, and P. A. Martin, Phys. Rev. Letr. 48:1769 (1982).
P. A. Martin and C. Gruber, J. Star. Phys. 31:691 (1983).

. P. Vieillefosse and J. P. Hansen, Phys. Rev. A 12:1106 (1975).

M. Baus, J. Phys. 4 11:2451 (1978).

. P. Vieillefosse, J. Stat. Phys. 41:1015 (1985).

. P. Vieillefosse, Physica 4 141:111 (1987).

. L. G. Suttorp and A. J. Van Wonderen, Physica A 145:533 (1987).

. J. L. Lebowitz and J. K. Percus, Phys. Rev. 122:1675 (1961).

. J. L. Lebowitz, Phys. Fluids 3:64 (1960).

. F. Stillinger and R. Lovett, J. Chem. Phys. 48:3858 (1968).

. F. Stillinger and R. Lovett, J. Chem. Phys. 49:1991 {1968).

. J. Imbrie, Commun. Math. Phys. 87:515 {1983).



